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^ ! The Liouville-type theorem for integrable 

^ I Hamiltonian systems with incomplete flows 

^ ■ For integrable Hamiltonian systems with two degrees of freedom whose 

Hamiltonian vector fields have incomplete flows, an analogue of the Liouville 
theorem is established. A canonical Liouville fibration is defined by means of 
an "exact" 2-parameter family of fiat polygons equipped with certain pairing 
of sides. For the integrable Hamiltonian systems given by the vector field 
V — {—df/dw, df/dz) on C^ where / = f(z, w) is a complex polynomial in 2 
variables, geometric properties of Liouville fibrations are described. 
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?*■ ' SI. Introduction 

in 

._!. ' Suppose {M'^^,uj) is a symplectic manifold and F = {fi, . . . , fk) : M^*^ — >■ 

l/~) , M'^ is a set of (functionally independent) smooth functions in involution. The 

*y-! ' triple {M'^^jUJ, fi) is called an integrable Hamiltonian system, and the triple L = 

(T^ . {A'P^,Lu,F) is called a Liouville fibration. Two Liouville fibrations L,Li are called 

CN ■ isomorphic if w = h*uji and F = Fi o h, for some difFeomorphism h : JVP^ -^ Mf^ . 

. , ■ The classical Liouville theorem describes a Liouville fibration in a small neigh- 

^ ] bourhood of any compact connected regular fibre T^ ~ P^^iO ^P to isomorphism. 

k>( ' The works [1, 2, 3] stated the problem of finding an analogue of the Liouville 

^ , theorem for integrable Hamiltonian systems whose Hamiltonian vector fields have 

_ Cp i incomplete flows. We solve this problem for systems with k ~2 degrees of freedom 

(theorem 3). We define a "canonical" Liouville fibration iiv;c/,dijS;[ei by means 

of so-called combinatorial-geometrical-topological data (shortly CGT-data), denoted 

by {W;U,dI,S; [&]), which are a 2-parameter family of flat polygons with certain 

pairing of sides. Dynamical properties of the corresponding Hamiltonian flow on 

an individual "generic" fibre T^ were studied by many authors (see [4, 5, 6] and 

references therein) . 

The author is grateful to A. T. Fomenko for stating the problem, L. Bates, 
A. T. Fomenko, T. A. Lepskii, S.Yu. Nemirovski, A.I. Shafarevich, I. Sypchenko, 
A. A. Tuzhilin and A. B. Zheglov for useful discussions. 
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§ 2. Combinatorial-geometrical-topological data 

The CGT-data are defined as follows. 

2.1. Combinatorial data. Suppose n G N, cr G Ti2n is a permutation of the 
set {l,...,2ri}, and t := <7^^ G S2n is the inverse permutation. Denote the set 
of symbols (ai, Oj^^ . . . , a„, a;;^) by (w^(i), . . . , Wr(2n))- Thus w^q) = o^^y^ where 
^(j) '■— rj/2l, £(j) := (^l)"'^^; 1 ^ i ^ 2n. A quadratic word is the formal product 



T4^ := wi . . . W2„ = 11^-, = ]^ 






Consider the closed unit 2-disk D d <C centred at the origin, with 2n marked 
points Vi — e'^*^/" G dD, 1 ^ £ ^ 2n. Consider the cell decomposition of D into 2n 
vertices vi, . . . , U2„, 2n directed open edges and the open 2-cell int D := D\dD. The 
edges are divided into pairs ak(t) := e'^*(^(2fe-i)+*)/» and ak(t) := e'^*(^(2fe)+i-t)/n 
(0 ^ i ^ 1) corresponding to the letters a^ and o^^ of W, 1 ^ k ^ n. Denote by 
/3k the directed curve on D formed by the radii that terminate at the centres of 
the edges ak and Sk, directed from afe(l/2) to afe(l/2), 1 ^ fc ^ n. Consider the 
topological space 

C = Cw:= D/{ak{t) ^ Sfe(t), s^ f s^ l}^^i 

with quotient topology. It is a connected orientable closed surface (of diruR C — 2), 
with the induced cell decomposition having s := n+ 1 — 25 vertices, n directed edges 
identified with ai, . . . , Q!„, and one 2-cell. Here g denotes the genus of C . Denote 
by C C C the r-skeleton of this cell decomposition, ^ r ^ 2. Thus 

S ^= Sw '-^ C \C 

is a connected orientable genus-y surface with s punctures. If the graph U^^2q+iQ^fc 
is a spanning tree of the graph C^ (as can be achieved by renumbering the symbols 
ai, . . . , a„) then the quadratic word W will be called combinatorial data of genus 

2.2. Geometrical data. Suppose t/i C C is an open subset, and 

J = (Ji, . . . , J„) : C/i ^ (C \ {0})", Jo : t/i ^ C 

are continuous maps. The triple (C/i, J, Jq) is called geometrical data with respect 
to the data W . 

2.3. Combinatorial-geometrical data. Let us describe a natural geometrical 
object associated to the CG-data (T4^; C/i, J, Jq), namely a 2-parameter family of 
closed planar polygonal lines with certain pairing of sides. 

The group Hi{S) ^ Z" admits the basis {[hWl^i- The group Hi{C, C°) ^ Z" 
admits the bases {[afc]}fc=i and {[afc]}^^^, where S^ := /^^ for 1 ^ A: ^ 2g, cik '■= afc 
for 2(7 + 1 ^ k ^ n. Here [ak], [Pk] denote the homology classes of the curves 
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Uk, Pk in appropriate homology groups. Consider the coordinate isomorphisms /x = 
(/ui,...,Ai„) ■.H^{S;C) -J>C" and 

m = (mi,...,m„), in = (mi, . . . , m„) : H^{C,C°]C) ^ C" 

with respect to these bases. Consider natural homomorphisms 

Hi{S) -^Hi{C) -^Hi{C,C°). 

Define the linear map A — {Ai, . . . , A2n) ■ C" — >■ C^" by the rule 

£-1 

^e{2) ■.= ^e{<T{j))zk(a(j)), z = (zi,...,z„) e C", 1 ^ ^ < 2n. 
i=i 

The homomorphism i*p* : H^{C,C'^;€.) — > H^{S;C) has coordinate presentation 
T = (Ti, . . . , r„) = /2i Vm-i : C" -^ C" of the form 

n 

Here i^^^fe := {[(3i], [f3k]) is the intersection index of the cycles [fSc] and [/3fc] in Hi{S). 
Thus rank(i*p*) = rank(p*) = 25, and ffik — Tk{m) for 1 ^ fc ^ 2g, fhk — ruk for 

Consider the 2-parameter family of the closed 2n-gonal lines on C with consecutive 
vertices 

Ai(J(e)) + Jo(C), • • • , A2„(J(0) + UO e C, e e f/i, 

with parameter ^, more precisely the 2-parameter family of the planar closed paths 
Ow,3(e,),Jo(i) '■ 9D — >■ C formed by the segments 

Ow;mjoii){e^'^'^'^^n = (1 - t)MJ{0) + tAe+,{3{0) + MO, ^ t ^ 1, 
1 ^ i ^ 2n, ^ eUi, where A2n+i ■= Ai. 

2.4. Topological data. Take a point ^q G Ui. A continuous map Q^^ : _D — > C 
is called an extension of the closed 2n-gonal line 6 — Ow;3{^a),Jo{io) ^^ ®?ol-D\{tif}^" 
is an orientation-preserving immersion and 0^g\dD — 0- So, an extension may 
have branching at the vertices vi. In general, an extension is not unique up to 
homeomorphisms of D identical on dD (e.g. the octagon with consecutive vertices 
—2 — i, i, 2 — i, —1/2, 2 + i, —i, —2 + i, 1/2 has inequivalent extensions [7]). Any 
extension 0^^, of 9 can be included into a family of extensions 6j : Z? — !> C of the 
closed 2n-gonal lines 9w,j{^),Joii)' ^ ^ U, such that the map 

is continuous, where [/ C C/i is a small enough simply-connected neighbourhod of 
^0- Consider the set [Q] of maps obtained by composing O with homeomorphisms of 
UxD that are identical onUx dD and preserve each fibre of the projection U xD ^ 
U. The set [8] is called topological data with respect to the data {W; C/, J, Jo)- 
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§ 3. "Exact" geometrical data and canonical Liouville fibrations 

Consider the topological 4-inanifold 

Mw;U ■■= U X Sw ^ U X S 

and its open subsets 

Mq-.^U x{C\C^)^U xintD, Mk := U x {pw{U+ UU,:)), 1 < A: ^ n. 

Here pw ■ D \ {vi}fli -^ Sw is the projection, U^ and U^ are small disjoint 
neighbourhoods of the open edges ak and Sfe (respectively) in -D\{uf}^"-^. Consider 
the following immersions of these subsets into L'^ x C C C^ : 

(^, e°) : Mo S^ [/ X C, (e, e'') ■.Mk'^UxC, 1 s$ /c s$ n, 

where S, : Mw.u -^ U is the projection, Q^ := OImq! the map Q'^ : Mk -^ C, 
1 ^ A: ^ n, is defined by the rules 

r.kip ..^^ _ / 0(e,rf) if deU+, 

^^'^^^ ^^-"l e(e,d)-(0,Tfe(J(O)) if rfec/,7, 

(^, d) e Mfe. Denote by A the atlas on Mw,u formed by all coordinate charts with 
local coordinates (^, <d^) on Mk, ^ k ^ n. 

Theorem 1. The following ("exactness") conditions are equivalent: 

(i) the atlas A on Mw;U ^s smooth, and the symplectic 2-form {R.e((i^A(i0'"')}5!^Q 
on (Mw-Ut^) is well-defined; 

(ii) ((Mvi/;c/,-4), {Re((i^ A d9'')}J!^Q,^) is a Liouville fibration; 

(iii) the 1-forms Re(Tfe(J(^))(i^) with 1 ^ k ^ 2g (equivalently, with 1 ^ k ^ n) 
on U are smooth and closed; 

(iv) the surfaces {(Ci '?fc(J(0)) I f ^ ^} with 1 ^ fc ^ 2g (equivalently, with 
1 ^ k !^ n) are smooth and Lagrangian in (U x C, Re((if A dQ)). 

Suppose 

Re{Tki3iO)dO = 27rd4.(0, ^ € U, l^k^2g, 

for some smooth map I — {Ii, . . . ,l2g) : U — s> M^^. Thus the condition (iii) of 
theorem 1 holds. Put 

S:=(K,Jo)eC"(C/,e) where K := (Jsg+i, . . . , J„) £ C°(C/, C^-i), 

thus (Tio J, . . . ,T2gO J, S) = (nioni~^o J, Jq). Let us associate the triple {U,dl, S) 
to such geometrical data ([/, J, Jq). By misuse of language, the triple ([/, dl, S) will 
be called exact geometrical data with respect to W. 

By theorem 1, any exact CGT-data {W;U,dI,S][&]) determine a unique (up 
to equivalence) Liouville fibration, which is denoted by iH':C/.di,S:[e] ^i^d called a 
canonical Liouville fibration. 
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Theorem 2. For any pair of canonical Liouville fibrations L\Y:u.di,'K.,Jo:['S>] ^'^'^ 
Lw;U,di* ,K.* ,,J* ;[&*] with the same data {W] U), the following conditions are equivalent: 

(i) for some ^q G U , there exists an isomorphism h : Mw.u ~^ Mw,u of these 
fibrations identical on the set {^0} x (C^ \ C^); 

(ii) dl = dl* and K ~ K*; 0^ ~ Qt o h^ + Jo(C) ^ ^o(0 f^f some family of 
homeomorphisms h^ : D ^)- D identical on dD, ^ G U; the l-form Re((Jo(^) — 
'^o(C))'^C) on U is smooth and closed. 

§ 4. The Liouville-type theorem 

For any Liouville fibration (M^,w,i^), denote by ¥±,¥2 the Hamiltonian vector 
fields with the Hamiltonian functions /i,/2- On each regular fibre T^ :— F~^{^), 
consider the flat Ricmannian metric g^ inverse to the bi- vector field (Fi Cg) Fi + V2 "8) 
1^2) |t{- Denote by T^ the completion of T^ with respect to this Riemannian metric. 

Theorem 3. Suppose that a Liouville fibration (A/^, oj, F) is topologically locally 
trivial; moreover any its fibre T^ is regular and connected, the completion T^ of T^ 
is compact and < \T\\m < 00, £, e F{M^) C K^ ^ C. 

Then any point ^ G F{M'^) has a neighbourhood U such that the Liouville 
fibration {F~^(U),lu, F) is isomorphic to a canonical Liouville fibration Lw,u,di,S;[0]! 
for some exact CGT-data of genus {g, s), where s := |Tj\r^|, g := 1 — (x(T^) + s)/2. 
The flat Riemannian metric g^ on any fibre T^ has a conical singularity at any 
puncture, where all cone angles are integer multiples of 27: . 

§ 5. Examples via complex polynomials and their Newton polygons 

Consider a non-constant polynomial /(z, w) = ^^ ^>q aimZ^w'"'' in two complex 
variables. H. Flaschka [1] and A. I. Shafarevich observed that the triple (C^, Re((iz A 
dw),f) is a Liouville fibration. The set E/ of critical values of / is known to be 
finite [8; §2]. The Newton polygon of / is the convex hull of its "support": 

A/ := conv{(£,TO) e I? \ aim 7^ O} C M^. 

For any side e of A/, denote fe{z^ w) := 'Y^i^ mlse o-imZ^w"^ . The polynomial / is 
called weakly nondegenerate with respect to Ay if, for any side e of A/ that does 
not lie on coordinate axes and for any point {z,w) e (C \ {0})^ with fe{z,w) = 0, 
one has dfe{z,w) ^ 0. 

Theorem 4. Suppose a polynomial f = f{z,w) is weakly nondegenerate with 
respect to its Newton polygon Af, moreover A-^^^i^^m C Af C A(i+2(?-)(i_j,^„m-) for 
some i,m G N. Let g > be the number of integer points in the interiour of Af, 
and s — 1 be the number of integer points of dAf that do not lie on coordinate axes. 
Then the Liouville fibration {C'^\f^^{Y}f), Ke(dzAdw), f) satisfies all the hypothesis 
of theorem 3. 

Moreover, the exact CGT-data (W;U,dl,S;[Q]) of any corresponding canonical 
Liouville fibration have genus (g, s) and satisfy the following: 

(i) there exist functions /2g+i, ...,/«, /o G C°°(C/, M) such that Y{,e{Jo{£,)d^) = 
dlo{0, ReiJkiOdO = dLkiO, 2g+l ^k^n,^eU, where S = (^23+1,- ■ • , ^n, Jo) G 
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C'^{U,C^); moreover the functions /o,...,/„ G C°°([/,R) are real parts of some 
holomorphic functions on U G C; 

(ii) for any ^ G C \ E/, there exists a bijection between the punctures of Tj 
and the couples of neighbour integer points A, B lE dAf that do not belong to the 
same coordinate axis, satisfying the following condition: the cone angle of the flat 
Riemannian metric (7^ at the puncture corresponding to {A, B} equals 4:T:s^a,b} 
where s^y^gy is the area of the triangle A, B, (1, 1). 

Theorem 4 can be proved by using [8, 9, 10, 11]. Its analogues for hyperelliptic 
polynomials are given in [12, 10, 11]. 
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